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ABSTRACT
Peripheral collisions of heavy ions can give rise to extremely intense magnetic fields.
It has been suggested that these fields might invalidate the holographic description of
the corresponding quark-gluon plasmas, assuming that these can be modelled by strongly
coupled field theories. In the case of the plasmas produced in collisions at the RHIC
facility (including in the beam energy scans), it is known how to deal with this problem:
one has to take into account the large angular momenta generated in these plasmas, and
the effects of the baryonic chemical potential. But this does not work for the plasmas
produced in peripheral collisions at the LHC. However, these results neglect some (less
significant) aspects of bulk physics; could it be that the problem is resolved by taking into
account these lower-order effects? Here we use a bulk dilatonic field (fully compatible with
boundary data, as well as with the asymptotically AdS character of the bulk geometry)
as a model of these effects, and show that this is unlikely to be the solution. Thus,
the existence of a consistent holographic description of the most extreme LHC plasmas
remains open to question.
1. The Quark-Gluon Plasma in the LHC
A basic question [1] in the study of the gauge-gravity duality is this: which field theories
have a gravity dual? In the case of applications to actual strongly coupled systems such
as the Quark-Gluon Plasma [2–6], this question becomes: does every realistic strongly
coupled system have such a dual? To settle this, one needs to examine the most extreme
cases. The most extreme strongly-coupled systems currently accessible to experiment are
probably (see below) the plasmas produced by collisions of heavy ions at the LHC [7,8];
so one needs to consider whether holography works in this case.
In [9] we adduced evidence suggesting that it does not. The problem is a very funda-
mental one: it appears that the purported gravity dual in some cases does not exist when
one attempts to interpret it (as one ultimately must [10]) as a string-theoretic system.
The situation may be briefly explained as follows. Ferrari and co-workers have shown
[11–14] that, simply for reasons of internal mathematical consistency, a string-theoretic
bulk spacetime with a holographic dual must satisfy certain fundamental relations between
the Euclidean spacetime action and the action of probes (such as branes). This has been
explicitly confirmed in a large number of concrete cases [14].
A specific example of such a relation is as follows: for every d− dimensional hypersur-
face Σ embedded in, and homologous to the conformal boundary of, a (d+1)− dimensional
(Euclidean) bulk, the area A(Σ) and the volume V (MΣ) enclosed by Σ are required to
satisfy the inequality
SE ≡ A(Σ) − d
L
V (MΣ) > 0, (1)
where L denotes the asymptotic AdS curvature scale, and the superscript “E” represents
“Euclidean”1.
It is known [13] that this condition is satisfied by many candidate bulk geometries,
including some very complicated ones such as Euclidean AdS-Kerr geometry. But quasi-
realistic cases in which it is apparently not satisfied are also known. In particular, the
enormous magnetic fields generated in the plasmas formed in some peripheral heavy-ion
collisions [16–20] are described by dual spacetimes in which — in the most extreme cases
— the inequality (1) is (seemingly) violated, as follows.
It was shown2 in [21] that (1) can be translated holographically (through the usual
bulk black hole construction) to a relation between the magnetic field B experienced by
the boundary field theory and its temperature T : in natural units,
B 6 2π3/2T 2 ≈ 11.14× T 2. (2)
1The corresponding Lorentzian physics has been discussed elsewhere [15]. For the sake of clarity, in
the present work we focus exclusively on the Euclidean case. Note that we are concerned here with black
holes having flat, planar event horizons (a zero superscript is used to remind us of this), so Σ should
be interpreted as a finite domain in such a plane. Since this domain can be chosen arbitrarily, there is
an overall scale ambiguity in SE, meaning that the scale on the vertical axes in all of our diagrams can
be chosen at our convenience and has no physical significance. Notice however that SE must of course
vanish at the “centre” of the Euclidean bulk, that is, at the Euclidean version of the event horizon; so
there is no translational ambiguity along the vertical axis.
2The assumption in [21] is that the baryonic chemical potential is negligible; this is a reasonable
approximation for the highest temperature plasmas at the RHIC, and an excellent one for the LHC
plasmas, so we will maintain it throughout the present work.
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This is the holographic dual of the inequality (1), in this specific case (in which the bulk
black hole is described by a Euclidean asymptotically AdS magnetic Reissner-Nordström
metric gE(AdSP∗RN0), given below, characterised by only two parameters, the magnetic
parameter P ∗ and the mass parameter M∗).
Recent analyses (see for example [22–25]) suggest that the magnetic fields encountered
in some peripheral collisions may be much higher than previously thought: as high as
eB ≈ 10 × m2pi (where mpi is the conventional pion mass), or B ≈ 16.64 fm−2, even in
RHIC collisions, for which the right side of (2) is ≈ 13.97 fm−2 (with T ≈ 220MeV). Thus
(2) is violated in this case; and it is violated still more clearly in the corresponding LHC
collisions. It appears, then, that we have a concrete physical system with a purported
dual spacetime that violates (1), and which is consequently mathematically inconsistent
within string theory.
One can see this explicitly for these data, in Figure 1 (the vertical scale having been
chosen for convenience, as explained above): Evidently SE(AdSP∗RN04)(r) (where r is the
Figure 1: SE(AdSP∗RN04)(r), T ≈ 220 MeV, eB ≈ 10×m2pi.
radial black hole coordinate) is indeed negative for some values of r in this case.
In [9] we argued however that it is not physically reasonable to consider magnetic fields
in this situation without also considering the huge angular momentum densities which also
arise in peripheral collisions [26–37]: for the angular momentum is associated with the
very mechanism (the internal motion of the plasma) that gives rise to the magnetic fields.
This is directly relevant in a holographic context, because the geometry of a black hole
spacetime is influenced by its angular momentum parameter. Since the inequality (1)
obviously depends on the bulk geometry, the presence of large angular momenta in the
3
dual spacetime can have a bearing on the question as to whether it is satisfied. (In other
words, in the presence of angular momentum, (1) is no longer equivalent to (2), but rather
to some (much) more complicated inequality generalizing (2).)
For the case of the RHIC plasmas, we found in [9] that including the shearing angular
momentum generated by a peripheral collision (by generalizing the bulk metric to a certain
Plebański–Demiański metric [38, 39], see [40]) has a dramatic effect. Without it, as we
have seen, (1) is probably violated, but, with the inclusion of even a small amount of
angular momentum, (1) is immediately satisfied. Thus, a simple observation — that, in
the aftermath of certain peripheral heavy-ion collisions, large magnetic fields are always
accompanied by similarly large angular momenta — resolves the problem: these plasmas
do have a dual description, albeit one involving a much more intricate bulk geometry than
is usually considered3.
There is another way of looking at this result. The amount of angular momentum
needed to restore (1) for RHIC plasmas is in fact remarkably small relative to the actual
value: we estimate that the (specific) angular momentum4 in the case of RHIC plasmas
with very large magnetic fields is in the range 50-75 fm, but values considerably smaller
than one fm ensure that (1) holds: see Figure 2. This means that neglecting angular mo-
Figure 2: As in Figure 1, but with a specific shearing angular momentum = 1 fm.
mentum in this context (which, in fact, is precisely what is done in most of the literature)
3We note in passing that we found that non-negligible values of the baryonic chemical potential likewise
resolve the problem; but this fact is of no use to us in the case of the LHC plasmas.
4That is, angular momentum per unit of energy: in natural units, this has units of inverse energy or
length.
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is not only physically unreasonable — it amounts to a kind of “fine-tuning”. If one had
begun with a generic planar asymptotically AdS black hole geometry, with the specific
angular momentum taking almost any non-zero value, then the question of RHIC plasmas
violating (1) would not have arisen.
But the case of the LHC plasmas is very different. Here, the magnetic fields attained
in certain peripheral collisions are even more gigantic, ranging (see for example [41, 42])
up to eB ≈ 70×m2pi (≈ 1.3 GeV2), or B ≈ 117 fm−2, for a plasma temperature around 300
MeV, considerably exceeding the right side of the inequality (2) in this case (≈ 25.8 fm−2);
but the angular momentum densities here are also much larger than for the RHIC plasma,
maximal values for the specific angular momentum being over 450 fm. One consequently
expected that the problem could be resolved in this case too, in the same way as for the
RHIC plasma. Surprisingly, however, we found in [9] that this is not the case: in fact, SE
continues to take negative values for the maximal realistic value of the specific angular
momentum. In short, angular momentum does not resolve the violation of the consistency
condition (1) in the case of the LHC plasmas.
There are two possibilities at this point.
• Some authors question whether the LHC plasmas are indeed strongly coupled: see
for example the discussion in [43]. (Recently it has been suggested that the LHC plasmas
do differ from their RHIC counterparts in ways that remain to be fully understood [44];
it is conceivable that this is relevant here.) If they are not strongly coupled, then gauge-
gravity duality should not be applied to them in the first place, and there is no issue.
• On the other hand, we saw that the problem in the case of the RHIC plasma arose
because we were unwittingly using a “fine-tuned” bulk geometry, one in which the black
hole angular momentum parameter was tuned to be almost exactly zero. Perhaps some
other small deformation of the bulk geometry, one which nevertheless maintains both the
values of the boundary temperature and magnetic field and the asymptotic AdS geometry,
can allow us to save the string-theoretic consistency of the theory. In short, we need to
ask whether (1) is being violated in the LHC case because some additional parameter is
being tuned to unreasonably small values.
As long as there is doubt regarding the strength of the LHC plasma coupling, the
second possibility should be excluded before the first is accepted. We therefore propose
to investigate whether (1) can be restored by means of some “small” perturbation of
the bulk black hole geometry corresponding to a boundary field theory that models the
extreme LHC plasmas.
Our strategy is as follows. We wish to modify the Euclidean asymptotically AdS
magnetic Reissner-Nordström planar black hole metric gE(AdSP∗RN0), while fixing the
temperature and the magnetic field, and not disturbing the asymptotically AdS charac-
ter of the bulk spacetime; but we want to have full control over the resulting geometry,
since otherwise one cannot be certain whether (1) holds or is violated. Within string
theory, this confines us, in practice, to considering a dilaton ϕ with an adjustable cou-
pling5 to the magnetic field; in fact, to preserve the asymptotically AdS geometry, we
are forced to consider a specific dilaton potential6, discovered by Gao and Zhang [47],
5The coupling is through a term of the form e−2αϕF 2 in the Lagrangian, where F 2 is the usual square
of the electromagnetic two-form; as α enters all of our calculations only through its square, we take it to
be positive; a priori, α can take any positive value.
6For a thorough discussion of the physics of this potential, and also of a remarkable application,
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who also found the corresponding exact black hole solutions. These spacetimes (suitably
generalised to include magnetic charge) coincide precisely with the asymptotically AdS
magnetic Reissner-Nordström planar black hole geometry when the coupling α = 0, but
are continuously deformed away from the latter as α increases.
Our objective is to use the Gao-Zhang black hole geometry, by adjusting α, to deter-
mine whether a small deformation of gE(AdSP∗RN0) (with values of P ∗ and M∗ corre-
sponding to LHC data) can restore7 (1). In this concrete context, the correct definition of
“small” becomes clearer: “small” should mean that α is “small”. We will see later that it
is possible to be much more precise about this “smallness”, since there is in fact an upper
bound on α for given values of the boundary temperature and magnetic field; also, it can
be interpreted to mean that the energy density (at some distinguished location, which we
take to be the event horizon) contributed by the dilaton should be small compared to the
energy density at that location due to the magnetic field. (By the Einstein equations,
this can easily be formulated in terms of the relative sizes of the contributions to the
Ricci curvature.) If the distortion of the bulk is small in these two senses, and if the
corresponding value of α is such that (1) holds, then we will conclude that the apparent
failure of holography in this application was a mere artifact of using an over-simplified
bulk geometry.
We stress that we are not claiming that the dilaton necessarily appears as part of the
holographic description of the plasma on the boundary: we are merely using it to give a
controllable distortion of the bulk, while keeping the boundary temperature and magnetic
field fixed. This distortion is intended to be a simple proxy for other bulk effects that we
have previously been neglecting. Since we are (by construction) keeping the perturbation
small and not allowing it to change the boundary parameters, we can hope to justify
neglecting any other effect it might have at infinity.
We find that, with LHC data for temperature and magnetic field, the consistency
condition (1) cannot be restored by a dilatonic distortion that is “small” in the senses we
will define. In short, our finding in [9], that the internal consistency condition for string
theory in this context is not satisfied by a purported bulk dual of LHC plasmas associated
with large magnetic fields, appears to be robust: it is not due to any fine-tuning of the
manner in which the dilaton deforms the bulk geometry. The conclusion is that, in the
LHC case, holography will only work if one can find a physical justification (in terms
of the boundary physics) for a very substantial deformation of the bulk geometry away
from the standard asymptotically AdS magnetic Reissner-Nordström planar black hole
geometry.
We begin with a description of the bulk spacetime.
2. The Dilaton Bulk Geometry
The simplest possible bulk geometry dual to a QGP-like boundary theory subjected to a
strong magnetic field is described as follows. We take a (Euclidean) asymptotically AdS
see [45]. For a comprehensive general survey of dilaton potentials in string theory (including that of Gao
and Zhang), see [46].
7The general question of the effect of the dilaton on string-theoretic consistency in the bulk was first
investigated in [48].
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magnetic Reissner-Nordström metric gE(AdSP∗RN0) of the form
gE(AdSP∗RN0) =
[
r2
L2
− 8πM
∗
r
+
4πP ∗2
r2
]
dt2
+
dr2
r2
L2
− 8πM
∗
r
+
4πP ∗2
r2
+ r2
[
dψ2 + dζ2
]
; (3)
here L is the asymptotic AdS curvature scale, and M∗ and P ∗ are parameters (with units
of length) such that, if rh denotes the value of the radial coordinate at the event horizon
(which has the geometry of a flat plane, so that the spatial geometry at infinity is flat),
then, if ℓP is the bulk Planck length, M
∗/ℓ2P r
2
h is the mass per unit horizon area, and
P ∗/ℓP r
2
h is the magnetic charge per unit horizon area; r and t are the usual radial and
“time” coordinates; and ψ and ζ are dimensionless coordinates on the plane.
At infinity, after a conformal re-scaling of the form r2/L2, one finds that t is indeed
proper time there; while ψ and ζ define the standard coordinates x = Lψ and z = Lζ in
the reaction plane of a heavy-ion collision. We are effectively constructing a dual for a
field theory propagating on the flat spacetime defined by this reaction plane. (Notice that
this procedure sets the length scale for the boundary field theory at L — for example,
if we were to compactify ψ and ζ , the field theory would be defined on a flat torus with
volume determined by L.)
This is the context in which the inequality (1) reduces to (2). In [9] we deformed this
geometry by allowing the black hole to take on angular momentum: it turns out that
this alleviates the tendency of strong magnetic fields to violate these conditions. Here we
wish to deform it in another way, by coupling the magnetic field to a dilaton ϕ (with a
coupling constant α, as above), while maintaining an AdS asymptotic geometry8.
These black holes were constructed in [47]. They can be interpreted as Kaluza-Klein
reductions of certain near-extremal black branes [46]; here we will regard them as asymp-
totically AdS planar dilatonic Reissner-Nordström black holes with magnetic charge pa-
rameter P ∗, mass parameter M∗, and with Euclidean metric
gE(AdSdilP∗RN0) = U(r)dt2 +
dr2
U(r)
+ [f(r)]2
[
dψ2 + dζ2
]
, (4)
where the coordinates are as before and where
U(r) = −8πM
∗
r
[
1− (1 + α
2)P ∗2
2M∗r
] 1−α2
1+α2
+
r2
L2
[
1− (1 + α
2)P ∗2
2M∗r
] 2α2
1+α2
, (5)
and
f(r)2 = r2
(
1− (1 + α
2)P ∗2
2M∗r
) 2α2
1+α2
. (6)
One sees that the dilaton has a rather complicated effect on the metric.
8In view of our discussion above, we should really combine these two moves, that is, we should consider
a version of the Gao-Zhang metrics with non-zero angular momentum. However, since angular momentum
is completely dominated by the magnetic field in the LHC case, this would add (very great) complexity
without substantially modifying our results.
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The dilaton itself, ϕ, a dimensionless function of the radial coordinate only, is given
by
e2αϕ(r) =
(
1− (1 + α
2)P ∗2
2M∗r
) 2α2
1+α2
. (7)
The electromagnetic field two-form9 corresponding to this black hole can be expressed
as follows:
F =
P ∗
ℓP
(
1− (1 + α
2)P ∗2
2M∗r
) 2α2
1+α2
dψ ∧ dζ. (8)
Using this to define a field at infinity, we are free to choose the overall scaling of the po-
tential one-form, and consequently the field two-form; we choose the scale to be consistent
with the boundary field theory scale L discussed earlier10: we then have F∞ =
P ∗
L3
dx∧dz,
since x = Lψ, z = Lζ . We interpret this, in the usual manner [50], as the magnetic field
experienced by the boundary field theory:
B∞ =
P ∗
L3
. (9)
The Euclidean “event horizon11”, that is, the central point in the Euclidean (t, r) plane,
is located at r = rh, related to the other parameters by
−8πM
∗
rh
[
1− (1 + α
2)P ∗2
2M∗rh
] 1−α2
1+α2
+
r2h
L2
[
1− (1 + α
2)P ∗2
2M∗rh
] 2α2
1+α2
= 0, (10)
and the Hawking temperature of this black hole, obtained from the Euclidean metric in
the usual way, is given by
4πT∞ =
8πM∗
r2h
(
1− (1 + α
2)P ∗2
2M∗rh
) 1−α2
1+α2
− 4π(1− α
2)P ∗2
r3h
(
1− (1 + α
2)P ∗2
2M∗rh
)−2α2
1+α2
+
2rh
L2
(
1− (1 + α
2)P ∗2
2M∗rh
) 2α2
1+α2
+
α2P ∗2
M∗L2
(
1− (1 + α
2)P ∗2
2M∗rh
)α2−1
1+α2
. (11)
This will of course be interpreted as the temperature of the boundary field theory.
The function SE defined in (1) is given in this case, up to a positive constant factor,
by
SE(AdSdilP∗RN0)(r) =
r3
L
[
1− (1 + α
2)P ∗2
2M∗r
] 3α2
1+α2

1− 8πM∗L2
r3
(
1− (1 + α
2)P ∗2
2M∗r
) 1−3α2
1+α2


1
2
− 3
L
∫ r
rh
s2
[
1− (1 + α
2)P ∗2
2M∗s
] 2α2
1+α2
ds; (12)
9These results are obtained straightforwardly from the analogous relations in [47], using electromag-
netic duality (applying the Hodge star operator to obtain the magnetic field). Note that the usual
dimensionless coefficient (which would have been 4pi if the event horizon had been spherical) has been
absorbed into the definition of P ∗.
10This is described in [49] as fixing the relative normalization of the gauge and gravity kinetic terms;
see the discussion there. See also [50], where essentially the same scaling is used.
11Since magnetic charge is not complexified in passing to the Euclidean domain, this formula is in fact
the same as its Lorentzian counterpart.
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the integral can be expressed exactly in terms of a hypergeometric function12 if one so
desires.
Our objective is to determine, for values of T∞ and B∞ actually encountered in heavy
ion collisions at the LHC, the circumstances under which this function is everywhere non-
negative: that is, the conditions required for the supposed bulk dual actually to exist
consistently within string theory.
The procedure is as follows: prescribe values for α, T∞, L, and B∞ (so that, by
equation (8), P ∗ is known). Then, if possible, solve equations (10) and (11) as simultaneous
equations for M∗ and rh. We now have fixed all of the parameters in equation (12), so
we are in a position to determine whether this function is ever negative.
In practice, of course, this programme can only be fully carried out numerically. The
results are surprising in several ways, and we organise them so as to make the overall
structure as clear as possible.
3. Varying the Dilaton-Magnetic Coupling
Throughout this section, we fix values of T∞ and B∞ arising, for favourable values of the
impact and other parameters, in plasmas formed by lead-lead collisions at the LHC: these
we call the “LHC data”. The specific values we use were discussed earlier: T∞ ≈ 300
MeV, eB∞ ≈ 70×m2pi; we take L to be a characteristic length scale of the plasma sample,
L ≈ 10 fm. With this understanding, the only variable here is α. Let us now see what a
mainly (but not exclusively) numerical investigation reveals.
3.1. There is an upper bound on α.
When α = 0, then of course (1) is violated with LHC data; consequently it is violated also
when α is extremely small. We therefore need to examine what happens as α is gradually
increased.
In fact, as one adjusts α to larger values, one encounters something unexpected: a
numerical investigation (supported by graphs of M∗ as a function of rh, defined by equa-
tions (10) and (11)) shows that, if α larger than a certain value, then equations (10) and
(11) do not have any real solutions for fixed values of T∞ and B∞.
We can describe this situation in the following very striking manner: the coupling
between a very intense magnetic field and the dilaton can have such a strong effect on the
physics of the bulk black hole that it cannot attain LHC temperatures. Such a dramatic
effect surely indicates that the magnetic-dilatonic coupling is strong. This provides us
with a natural definition of “small” values of α.
In fact, for LHC data, the upper bound on α so imposed is smaller than one might
have expected. If we define α+(T∞, B∞) as the value of α such that, for those values of
T∞ and B∞, all values α > α
+(T∞, B∞) lead to a system given in equations (10) and
12One finds
∫ r
rh
s2
[
1− (1 + α
2)P ∗2
2M∗s
] 2α2
1+α2
ds = 2F1
(
4, 1;
2α2 + 4
1 + α2
;
2M∗r
(1 + α2)P ∗2
)
− 2F1
(
4, 1;
2α2 + 4
1 + α2
;
2M∗rh
(1 + α2)P ∗2
)
.
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(11) with no real solutions, then we find numerically that
α+(T∞ = 300MeV, eB∞ = 70×m2pi) ≈ 0.605. (13)
In short, the dilaton-magnetic coupling has to be smaller than about 0.6 for our pro-
gramme even to get off the ground; the range of α values available to us is in fact ex-
tremely narrow. To put it another way: in the context of our problem here, values of α
comparable to α+(T∞ = 300MeV, eB∞ = 70 × m2pi) have such a remarkable effect that
we can justly claim that “small” α should be interpreted as meaning, “small compared to
α+(T∞ = 300MeV, eB∞ = 70 ×m2pi)”. In concrete terms, we can take it that “small” α
refers to values around an order of magnitude smaller than α+(T∞ = 300MeV, eB∞ =
70×m2pi): say, α 6 0.1.
We see that it is far from obvious that the dilaton can restore condition (1): the danger
is that values of α that are small in this sense may be too small to do so. We now consider
this.
3.2. String Theory Imposes a Lower Bound on α
It is known [48] that the dilaton does help to restore (1): that is, it has the same sort of
effect as angular momentum (and the opposite effect to that of magnetism). All that is
required is that α be sufficiently large; but there are two senses in which this statement
holds, as follows.
First, there is a critical value of α, let us call it αC, such that (1) holds for any α > αC,
provided only that (10) and (11) have real solutions for M∗ and rh; this statement is
otherwise independent of the values of T∞ and B∞. Second, if we are willing to accept
a bound that does depend on T∞ and B∞ (for example, if we fix them at their extreme
values in the LHC collisions), then we can find a lower bound. We consider these two
types of bound in turn.
3.2.1. A General Lower Bound
The quantity SE is in general quite difficult to study analytically. However, we note that
U(r) can be factorized if α = 1/
√
3:
U(r) =
[
r2
L2
− 8πM
∗
r
] [
1− (1 + α
2)P ∗2
2M∗r
] 1
2
=
[
r2
L2
− 8πM
∗
r
] [
1− 2P
∗2
3M∗r
] 1
2
. (14)
In fact, U(r) can be factorized in arbitrary spacetime dimension n > 4, when α = (n −
3)/
√
n− 1. Let us denote this value of α, which is fixed by the spacetime dimension13,
by αn. (In five dimensions, α5 = 1. See [51].) We claim that αn is an upper bound for
αC, although the bound may not be sharp.
13The quantity SE grows asymptotically linearly in four dimensions [15], and asymptotically loga-
rithmically in five dimensions [48]. It can be shown that in higher dimensions, it is asymptotically a
constant.
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In four dimensions, with α4 = 1/
√
3 ≈ 0.578, we see that the Euclidean event horizon14
satisfies
r3h = 8πM
∗L2, (15)
so that for any fixed value of the cosmological constant, varyingM is equivalent to varying
rh. The other zero of U(r),
rc =
2P ∗2
3M∗
, (16)
corresponds to the inner (Cauchy) horizon of the black hole in the Lorentzian counterpart
of the geometry. It plays no role in the Euclidean discussion.
In the following, we will keep α4 explicit without substituting in its numerical value,
so that it is clear how the term enters the various quantities. We have
SE(AdSdilP∗RN04)(r) =
1
L
{
r3
[
1−
(rh
r
)3] 12 [
1−
(
(1 + α24)P
∗2
2M∗r
)] 3
4
−3
∫ r
rh
s2
[
1−
(
(1 + α24)P
∗2
2M∗s
)] 1
2
ds
}
. (17)
Our aim is to show that SE > 0 for all values of r > rh. For dimension n = 4, the
derivative of SE is
∂SE
∂r
= −3
4
F(r)

r2
√
1− r
3
h
r3
(
1− (1 + α
2
4)P
∗2
2M∗r
) 1
4


−1
, (18)
where
F(r) = 4r4


(
1− (1 + α
2
4)P
∗2
2M∗r
) 3
4
√
1− r
3
h
r3
− 1

− r3h
(
(1 + α24)P
∗2
2M∗
)
+ 2r3hr (19)
+ 3
(
(1 + α24)P
∗2
2M∗
)
r3.
Since SE vanishes on the Euclidean horizon rh, it suffices to show that ∂S
E/∂r > 0. That
is, we want the function F to be negative. This is clearly true at large enough values of
r since the r4 term becomes dominant, and its coefficient is always negative. In Figure
(3), we plot the function F(r) by varying the value of (1 + α24)P
∗2/2M∗, but keeping rh
fixed at unity. Since fixing rh is equivalent to fixing M , this means we are varying the
magnetic charge. Changing the values of rh does not change the qualitative feature of
the plot, namely that the function is always non-positive. From the plot, we see that the
graph gets very close to zero as P ∗2 approaches zero. Hence, one might be concerned that
the value of the function F is actually positive at some points, just that it is not visible
at the resolution of the plot.
14It might seem strange that the event horizon does not depend on the value of the magnetic charge
(if we do not fix the boundary parameters). However, this is purely due to the choice of coordinate:
recall that r is not an area coordinate. The same behavior can be seen in the much simpler case of an
asymptotically flat electrically charged dilaton black hole, where the Lorentzian event horizon is always
rh = 2M regardless of the value of Q [52–54].
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Figure 3: The plot of the function F with the Euclidean horizon fixed at rh = 1, and
α = α4 = 1/
√
3.
To see that this does not happen, we note that in the limit of small P ∗2, the dominant
terms are
F(r) ∼ 4r4
(√
1− r
3
h
r3
− 1
)
+ 2r3hr = 4r
4
(
1− 1
2
(
r3h
r3
)
− 1
8
(
r3h
r3
)2
− O
(
r3h
r3
)3)
+ 2r3hr.
(20)
That is,
F(r) ∼ −1
8
(
r3h
r3
)2
−O
(
r3h
r3
)3
< 0, (21)
so indeed the function remains negative when P ∗ → 0. This is not really surprising, since
the dilaton is coupled to the magnetic field in such a way that if P ∗ → 0, then ϕ→ 0, as
can be seen from Eq.(7). That is, in this limit the black hole has neither magnetic charge
nor scalar field; it simply reduces to a neutral planar black hole, for which the associated
SE is always non-negative.
Therefore, as we claimed, SE is non-negative for α > α4 = 1/
√
3 > αC. Note that
we have only showed that α4 is an upper bound for αC, the latter may take a lower
value. However, we suspect that αC is not too far from α4, see below. What is surprising,
however, is that α4 (and in general αn) is completely fixed by the spacetime dimension. In
12
particular, it does not depend on any of the other black hole parameters (namely the mass
and magnetic charge density). This shows that with large enough α, the bulk geometry
will be sufficiently deformed such that SE > 0, regardless of the temperature T∞ and the
magnetic field strength B∞ at the boundary.
We emphasize here that fixing the value of rh here is physically very different from
a similar “horizon-fixing” procedure that was performed in [15]. There, an electrically
charged, Lorentzian version of the geometry was investigated (recall that mathematically
this is in fact equivalent to our problem, since magnetic charge is not complexified under
Wick rotation, and the Lorentzian geometry15 is invariant under interchanging Q∗ and
P ∗). Indeed, by fixing rh at various values as was done in [15], one could evaluate S
E to
see at which value of α = α¯ the quantity SE becomes positive (at all values of r) for α > α¯.
However, α¯ depends on the choice of the value of rh. In other words, fixing the value of
rh renders the result only qualitatively correct. We proposed in [15] that we should take
the smallest value of α¯ to be the value of the critical value of αC, which we numerically
estimated to be αC ≈ 0.53. This estimate is indeed not too far from α4 = 1/
√
3 ≈ 0.578.
The reason why fixing rh in the manner of [15] leads to choice dependent S
E is because
this procedure fixes the relation between the charge and the mass of the black hole. To
see this, let us consider an asymptotically flat magnetically charged Reissner-Nordström
black hole, whose horizon satisfies rh =M+
√
M2 − (P 2/4π). Fixing rh = 1, for example,
means that P 2 = 4π(2M − 1).
In this work, while we have fixed the value of rh in the analysis above, the result is
independent of the choice of rh. This is because for α = αn, the function U(r) factorizes
in such a way that choosing a value of rh is the same as, via Eq.(15), fixing the mass
only. In other words, mass and charge remain as separate parameters that can be tuned
separately.
Having shown that string theory imposes a general lower bound on α, let us now turn
to a bound which applies specifically to the LHC data.
3.2.2. A Lower Bound Given LHC Data
Since αC < α
+(T∞ = 300MeV, eB∞ = 70 × m2pi), we see that it is certainly possible to
use the dilaton to solve our problem: with a value of the coupling in the narrow band
between these limits, (1) holds even with LHC data for the temperature and the magnetic
field. Unfortunately, however, αC is by no means small, in the sense we defined above.
While values of α above αC enforce the consistency condition, this does not mean that
lower values cannot perform this service, though the range of such α will depend on the
specific values of (T∞, B∞). Clearly we should focus on a value of α which is as small
as possible for given (T∞, B∞): that is, we should try to determine α
−(T∞, B∞), defined
to be such that (1) is violated for any α < α−(T∞, B∞). For LHC data, we have found
numerically that this quantity is given as follows:
α−(T∞ = 300MeV, eB∞ = 70×m2pi) ≈ 0.284. (22)
15Here, and throughout this work, we are referring to the geometry in the Einstein frame. The geometry
as seen by a string is a conformally related string frame metric, in which a Lorentzian magnetically charged
black hole is quite different from an electrically charged one. Essentially, this is because the dilaton field
changes sign under electric-magnetic duality transformation. See, e.g., [55].
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One can see this in the graph of SE(AdSdilP∗RN0)(r) for these parameter values16: see
Figure 4.
Figure 4: SE(AdSdilP∗RN0)(r), LHC data, α = 0.284
In summary, then, the dilaton can resolve the apparent conflict between the LHC data
and the bulk consistency condition (1); but it can only do so by means of a magnetic-
dilatonic coupling that does not correspond to a small perturbation of the bulk geometry,
the minimal value of the coupling being about half of the maximal possible value.
3.3. Relative Energy of the Dilaton
It may seem odd to describe α ≈ 0.3 as a “large” value for the dilaton-magnetic coupling,
so let us investigate more directly the effect of such a field on the bulk geometry. In
particular, we should consider in more detail the black hole geometry for the relevant
values of α (by which we mean typical values between α−(T∞ = 300MeV, eB∞ = 70×m2pi)
and α+(T∞ = 300MeV, eB∞ = 70×m2pi): say around α = 0.4 — 0.5). For this purpose,
it is useful to compare the relative contributions of the dilaton and the magnetic fields
to the energy density (as measured by a Killing observer) at a distinguished location, the
event horizon. The two are of course related, in the sense that both depend on α. But
they depend on it in different ways, so the outcome is unclear.
We begin with a computation of the energy density of the magnetic field, evaluated
16A close examination of the graph shows that it does not actually touch the horizontal axis; so in fact
α−(T∞ = 300MeV, eB∞ = 70×m2pi) must be slightly smaller than 0.284.
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at the event horizon. From equations (4) and (8) we have
F ψζFψζ = f(r)
−4P
∗2
ℓ2P
(
1− (1 + α
2)P ∗2
2M∗r
) 4α2
1+α2
. (23)
Recalling that the coupling of the magnetic and dilatonic fields is of the form e−2αϕF 2,
and using the usual form of the electromagnetic stress-energy-momentum tensor together
with equations (6) and (7), we have finally, at the event horizon,
ρB(rh) =
P ∗2
2ℓ2P r
4
h
(
1− (1 + α
2)P ∗2
2M∗rh
)−2α2
1+α2
. (24)
Using the Einstein equation, one can think of this as a measure of the extent to which the
presence of a magnetic field distorts the geometry away from that of a simple (planar)
AdS-Schwarzschild black hole.
The dilaton stress-energy-momentum tensor is just the usual one, and so, since ϕ(r)
depends only on r,
ρAdSϕ =
1
2ℓ2P
∂ rϕ∂rϕ + V (ϕ), (25)
where V (ϕ) is the dilaton potential, given in this case [47] by
V (ϕ) =
−1
8πℓ2PL
2
1
(1 + α2)2
[
α2
(
3α2 − 1) e−2ϕ/α + (3− α2) e2αϕ + 8α2eαϕ−(ϕ/α)] . (26)
Notice that V (ϕ)→ − 3/ (8πℓ2PL2) when either α → 0 or r →∞ (see equation (7));
as this is just the “energy density” corresponding to a negative cosmological constant, we
are reminded that we are indeed dealing with an asymptotically AdS geometry here. This
also reminds us that there is an AdS energy density included in V (ϕ), which should be
subtracted if we are interested in analysing the purely dilatonic contribution to the energy
density; that is why we denoted the energy density above by ρAdSϕ , to indicate that this
subtraction has not yet been performed. Notice too that ∂ rϕ = U(r)∂rϕ (see equation
(4)), which vanishes at the horizon; so to evaluate ρAdSϕ in equation (25) at the horizon
we need only to consider the value of V (ϕ) there.
Using (7) and subtracting the background AdS energy density − 3/ (8πℓ2PL2) we ob-
tain, for the purely dilatonic contribution to the energy density at the event horizon,
ρϕ(rh) =
−1
8πℓ2PL
2
{
1
(1 + α2)2
[
α2
(
3α2 − 1)(1− (1 + α2)P ∗2
2M∗rh
) − 2
1+α2
(27)
+
(
3− α2)(1− (1 + α2)P ∗2
2M∗rh
) 2α2
1+α2
+ 8α2
(
1− (1 + α
2)P ∗2
2M∗rh
)α2−1
1+α2

 − 3

 .
From equation (24) we therefore have finally
|ρϕ(rh)|
ρB(rh)
=
r4h
4πP ∗2L2
(
1− (1 + α
2)P ∗2
2M∗rh
) 2α2
1+α2
{
1
(1 + α2)2
[
α2
(
3α2 − 1)(1− (1 + α2)P ∗2
2M∗rh
) − 2
1+α2
+
(
3− α2)(1− (1 + α2)P ∗2
2M∗rh
) 2α2
1+α2
+ 8α2
(
1− (1 + α
2)P ∗2
2M∗rh
)α2−1
1+α2

 − 3

 .
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Again, we can interpret this as a measure of the effect of the dilaton on the background
bulk geometry, relative to the effect of the magnetic field.
This quantity is to be regarded as a function of the boundary data (temperature and
magnetic field) together with α. (Recall that P ∗ is determined by B∞, and M
∗ and rh
are determined by solving equations (10) and (11) as simultaneous equations.) For values
of α that we consider small, α 6 0.1, we find
|ρϕ(rh)|
ρB(rh)
(
T∞ = 300MeV, eB∞ = 70×m2pi, α = 0.1
) ≈ 0.0076. (28)
This may indeed be interpreted as meaning that the dilaton only causes a relatively small
perturbation.
At the other extreme, if α is chosen to have its maximal possible value, around 0.605
as above, then one finds
|ρϕ(rh)|
ρB(rh)
(
T∞ = 300MeV, eB∞ = 70×m2pi, α = 0.605
) ≈ 3.06, (29)
so the dilaton completely dominates the magnetic field, and our bulk geometry is far
indeed from being a small perturbation away from the asymptotically AdS magnetic
Reissner-Nordström planar black hole spacetime.
Thus we now have a more explicit formulation of our “small” and “large” values for
α: they correspond, respectively, to values of the relative dilaton/magnetic field energy
density below 0.0076 and above 3. This seems reasonable.
For generic values of α capable of maintaining the consistency condition (1), that is,
typical values between α−(T∞ = 300MeV, eB∞ = 70×m2pi) and α+(T∞ = 300MeV, eB∞ =
70×m2pi), one has
|ρϕ(rh)|
ρB(rh)
(
T∞ = 300MeV, eB∞ = 70×m2pi, α = 0.4 — 0.5
) ≈ 0.200 — 0.465; (30)
one would not say that such values have been fine-tuned to be near zero. This confirms
our assessment that the violation of (1) by LHC data is not due to fine-tuning.
4. Conclusion
It has been observed [56] that the holographic techniques that work remarkably well when
applied to the RHIC plasmas do not appear to work as well for LHC plasmas. This may
well simply indicate that more elaborate holographic techniques [57, 58] are needed in
the LHC case; but perhaps it indicates that there are fundamental obstacles to using
holography in these extreme conditions.
In [9], we found evidence for this second explanation, in terms of a violation of the
fundamental string-theoretic consistency condition (1); but the results were obtained with
the simplest possible bulk geometry adequate to describe the dominant physical parame-
ters of the boundary field theory, its temperature, magnetic field, and angular momentum
density. That is, other possible bulk parameters were tuned to zero.
In this work, we have considered whether this tuning amounts to fine-tuning. Our
conclusion is that it does not: the only way to rescue (1) from the effects of strong
16
magnetic fields is to distort the bulk with a dilaton which is strongly coupled to the bulk
magnetic field. Unless one can find a justification for such a strong distortion in terms of
QGP physics, it seems that a holographic description is not appropriate here.
The possible existence of such a justification should not be ruled out completely,
since of course all known holographic models of the QGP are greatly over-simplified.
For example, we have not considered the fact that the magnetic field and other plasma
parameters are strongly time-dependent. While that in itself does not invalidate the usual
approach using static black holes (since for example the consistency condition must hold
at each instant of time), it is conceivable that there are non-trivial constraints on the
dilaton coupling in the dynamical case; perhaps α does need to be “large”, for physical
reasons. However, we are unaware of any such effect. (Note that an attempt is made in [45]
to generalize the Gao-Zhang black holes to the dynamical case, by using a Vaidya-like
geometry. There is no sign of a lower bound on α in that work.)
The alternative approach is to accept that asymptotic freedom will make itself felt at
some point as collision energies increase: certainly one expects this to happen at future
facilities [59–61], potentially studying collision energies ranging up to 40 TeV. The QGP
will then no longer be strongly coupled. Perhaps this is what we are beginning to see at
the LHC.
It may be preferable to turn attention to the exciting prospects opened up by the
various beam energy scan experiments currently under way or in preparation [62–67],
where the QGP is much more likely to be strongly coupled and where, as was explained in
[9], there is no difficulty in satisfying the consistency condition even in the presence of large
magnetic fields (because the non-zero baryonic chemical potential tends to counteract the
tendency of the magnetic field to violate it). A holographic approach may well prove
fruitful in that region of the quark matter phase diagram: see for example [68, 69] and
references therein.
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